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ABSTRACT

Undecic spline approximations are developed following cubic spline Bickley’s procedure and applied on linear
boundary value problem of order seven. Numerical solutions are computed at different step lengths and

absolute errors are calculated. Approximate and exact solutions are compared. Results are tabulated and
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1. INTRODUCTION
Higher order boundary value problems occur in the
study of  fluid

hydrodynamics, hydro magnetic stability, astronomy,

dynamics, astrophysics,
beam and long wave theory, induction motors,
engineering, and applied physics. The boundary
value problems of higher order have been examined
their mathematical

due to importance and

applications in diversified fields of applied sciences
[1].

Prior to 1950, the computations involved in numerical
method to obtain numerical solution of a differential
equation were done manually. Later these
computations are carried through the calculators
followed by digital computers. Due to rapid advances
in computing machines like high speed and accuracy,
several researchers have been working for developing
the numerical methods to obtain the numerical
solution of the ordinary or partial differential
equations with specified conditions [2, 3]. Initially, the
cubic spline technique has been introduced for solving
second order two point boundary value problems.

Convergence properties of splines has been given in

[4].

A solution of Fifth order boundary value problems
has been obtained by sixth degree spline method for a
set of linear equations whose coefficients form an
upper Hessen berg matrix [2]. The applications of
cubic spline have been proved positive in the
literature [5, 6].

Seventh order boundary value problems generally
arise in modeling induction motors with two rotor
circuits [7]. The method, variation of parameters is
used for solving sixth— order boundary value
problems [8]. Fifth order boundary value problems
solved using: reproducing Kernel method [9] and
non-polynomial spline method [10]. Octic and nonic
spline approximations are developed and analyzed to
find the numerical solutions of linear seventh
boundary value problems [11, 12]. Numerical solution
of seventh order boundary value problems has been
obtained by using ninth degree spline functions and
compared with eighth degree splines in [13].

In the present work we have constructed undecic
(eleventh degree) spline function and applied to solve
the linear seventh order differential equation with
numerical

specified boundary conditions. The

solutions are constructed for different step lengths.
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2. CONSTRUCTION OF UNDECIC SPLINE
FUNCTION
Assume that the interval [x, x,] is divided in to n sub
intervals with grid points x, , x; , x5, x3, ... x,, initial at
xoand the function u(x) in the interval [xyx;], is
represented by eleventh degree spline in the form
s(x) =a+b(x—xy) +clx—x)%+d(x—x)°+
gl —x)* +j(x —x0)° + k(x —x0)® + 1(x —x5)” +
t(x —x0)% + v(x — x0)° + w(x — x0)1° +z0(x — x)**
for the next interval [x; x,] the spline function s; (x)
we add a term z; (x — x,)1?,
Going on in to the next interval [x, x3] add another
term z,(x — x4)*! and so on until we reach x, hence
the function s(x) represents in the
s(x) =a+b(x —xy) +clx—x9)% +d(x —xp) +
gl —xo)* +j(x — x0)° + k(x — x0) + 1(x — x0)” +
tlx —x0)8 + v(x — x0)° + w(x —x0)° + 210 7 (x, —
x)'. 1)
The seventh derivative of the equation (1) is
s (x) = 50400 +40320t(x —x,) + 181440v(x -

x0)% + 604800w (x — x¢)% + 1663200 X7 z; (x, —
x)* 2)
Method of obtaining the solution of seventh order

form

boundary value problem using eleventh degree

spline function

Consider the linear seventh order differential
equation
YD) + f)y(x) = (). 3)

with boundary conditions

yxo)=p, ytm)=v, y’(xo) =B yn) =y’
y'(xo) = B", y'() = v", ¥y () = B, (4)
from (4), and taking spline approximation in (3) at
x=x; fori=0,1,273,45,6,..
equations in (n + 11) unknown

,n we get (n+ 8)
a,b,c,d, g,jkLtvw,zy,z,25 23,24, ., 24, after
determining these unknowns we substitute them in
(1) and thus we get the eleventh degree spline
approximation of y(x). Putting x = x; ,x;, X3, ... Xy
in the spline function thus determined we get the
solution at the grid points; Substituting (1) and (2) in
the differential equation (3) at x = x,;; where
m=0,1,2,3,..n and s(x) = r(x) we get

af (xm) + bf Cem) (em — xo0) + ¢f () (e — x0)* +

df Cen) Com = %0)° + gf Com) Ot — x0)* +

Jf Con) G = %0)° + kf (tn) (i — %0)° +
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l[f(xm)(xm - x0)7 + 5040] + t[f(xm)(xm - x0)8 +
40320(x, — x0)] + v[f Oc) (o — x0)° +
181440(x,, — x)?] + w[f(xm)(xm —x0)10 +
604800 (x,, — x0)3] + 210 z; [f () o — x)1 +
1663200(x,, — x9)*] = s(x,).
From the boundary conditions (5) we obtain
y(xo) = B,
B =a+b(x—xy)+clx—x)%+d(x—x)%+
gl —xg)* +j(x — x0)% + k(x — x0)® + L(x — x0)7 +
t(x —x0)8 + v(x — x0)° + w(x —x)° + X0z (x —
1)11’
a=p (6)
y(xn) =Y
a+b(x, —xp)+c(x, —x)2+d(x, —x0)3+
90, — x0)* +j(xy = x0)° + k(x —x0)° +1(x, —
%0)” +t(x, —x0)8 +v(x, —x0)° w(x —x0)° +
oz (x—x)M =vy. 7)
y'(xo) = B,
B =b+2c(x—x5) +3d(x —x5)% +4g(x — x0)3 +
5j(x — x0)* + 6k(x — x0)° +71(x — x0)® + 8t(x -
x0)” +9v(x —x)8 + 10w(x — x0)° + 11X 7 (x —
xl)lo'
b=p. ®)
y'(x)=7v",
b+ 2c(x, —x9) +3d(x, —x0)% +49(x, —x0)% +
55 (%, — x0)* + 6k(x, —x0)° +71(x, —x0)® +
8t(x, —x0)7 +9v(x, -x0)8 + 10 w(x — x0)° +
MYtz (x —x)0 =y )
y'(x0) = B,
B =2c +6d(x—xy) +12g(x — x5)% + 20j(x —
%)% + 30k (x — xo)* + 421(x — x,)° + 56t(x —x9)% +
72v(x — x0)” + +90w(x — x0)® + 110 X7 z; (x —)°,

2c =pB". (10)
y'(xn) = v",
" =2c +6d(x—x5)+12g(x — x9)? + 20j(x —
%)% + 30k (x — xo)* + 421(x — x,)° +56t(x —x5)% +
72v(x — x0)7 + 90w (x — x0)® + 110 X7 z; (x — x;)°,
2¢ +6d(x, —x0) +12g(xy —x0)% 4+ 20j(x, —x0)% +
30k(x, —x)* +421(x, —x0)° +56t(x, —x,)° +
72v(x, — x0)7 +90w(x — x0)® + 110 X1 z; (x —
x)° =y". (11)
y'"(x0) = B,
B =6d +24g(x — xg) + 60j(x —x0)? + 120k (x —
x0)% + 2101(x — x)* +336t(x — xo)5 + 504v(x —
%) + 720w (x — x0)” + 990 X1 z; (x — x;)8,
6d = B"". (12)
From the boundary conditions and taking spline

approximation in the linear seventh order boundary
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value problem at x = x; fori =0,1,2,3,4,5,...,n and
assuming that z,_, =z, , = z,_3 = z,_, , we obtain
the spline function thus the solution at the grid
points.

3. NUMERICAL ILLUSTRATIONS
In this part we consider two linear boundary value
problems, and the numerical solution and absolute
errors are given at different step lengths. The
approximate solution, exact solution and absolute
errors at the grid points are summarized in the tabular
form and shown graphically.
Problem1 Consider the
boundary value problem with constant coefficients
u(x) = —u(x) —e*(35+12x+2x2), 0<x <1

linear seventh order

(13)
with boundary conditions
w0 =0, v'(0)=1, u®0O) =0,
u®0)=-3,u(1) =0, u'(1) = —e,
u®@(1) = —4e. (14)

The exact solution of the problem is

u(x) = x(1 —x)e*
Approximating u(x) with the spline
s(x)=a+b(x —xy) +clx—x9)% +d(x —xp) +
g(x = x0)* +j(x = x0)° + k(x — x0)° +l(x —x0)” +
tlx —x0)8 + v(x — x0)° + w(x —x)° + X1 7 (x —
x).
weget a=0, b=1, c=0,and d=-0.5,
and the spline fuction s(x) reduces to the form
s(x) = (x —x) —0.5(x —x0)3 + glx —xg)* +j(x —
%0)° + k(x —x0)®  +1(x —x5)” + t(x — x0)% + v(x —
%) + w(x — x0)1° + ¥ 2 (x — x)M
Solution with h = 0.2
The spline function is
s(x) = (x = x9) = 0.5(x —x0)* + glx — xo)* +j(x —
%0)° + k(x — x)° H(x — x0)” +t(x — x0)8 + v(x —
x0)° + wlx —x0)* + Z?:o z; (x — x)' (15)
Following the procedure of the method, we get the
following values for the unknown coefficients
g = —0.333333316 j =-0.125000079 k=
—0.033333196 [ =—-0.00694 t = —0.001190954
v =-0.000172606 w = —0.000022938 Zy =
—0.00000236317 z; — 0.00000111989 z, =
—0.00000111989 z; = —0.00000111989
—0.0000011198
Solution with h = 0.1

The grid points are x,, X1, X5, X3, X4 , X5,Xg, X7,

Zy =

Xg, X9, X19  and spline approximation is
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s(x) = (x —x9) —0.5(x —x0)% + glx —xg)* +j(x —
x0)° + k(x —x0)®  +1(x —x5)7 + t(x —x0)% + v(x —
%0)° + wix —x0)*° + ¥7_oz; (x — x0)1? (16)

Table 1: Numerical solutionS(x), Exact solution u(x)

and Absolute error of problem 1 with h = 0.2

X S(x) u(x) Absolute error

0.2 0.195424441 0.1954244413

0.4 0.358037927 0.358037927 4.84844941E - 011
0.6 0.437308512 0.437308512 5.61392599E — 011
0.8 0.356086548 0.356086548 1.716249364E — 011

9.84662351E — 012

t A A 1

Figure 1: Comparison of approximate solution and
exact solution for problem 1 with h = 0.2

Solving, we get the wvalues for the unknown

coefficients

g = —0.3333338 j=-0.12499156

k= -0.03337869 [ = -0.006944444

t =0.0000242049 z; = 0.000180440

v = —0.006784818 w =0.016170496
zZo = —0.01620906 z; = 0.017841551 =z, =
—0.001800275  z, = —0.000018549 z; =
0.00000122277  zg = —0.000000732981 z, =
—0.000000732981 zg = —0.000000732981 2z, =
—0.000000732981
Substituting these values in equation (16) we get the

numerical solution at the grid points as shown in
Table-2.

Numerical solution of problem 1 with h = 0.2 and
and table 2
respectively. The comparison has been shown in

h=0.1 are summarized in table 1

figure 1 and figure 2 .The maximum absolute errors
at the given step length are 5.6139259e —
011 and7.262869e — 010. This is help to understand

| URA | Volume 5 | Issue 20

Page | 1007




the agreement between approximate solution and

exact solution is good.

Table 2: Numerical solutionS(x), exact solution u(x)
and Absolute error of the problem 1 with h = 0.1
X S(x) u(x) Absolute error

0.1 0.09946538 0.09946538 4.416939E — 12

0.2 0.19542444 0.19542444  4.02199F — 11
0.3 0.2834703  0.2834703 1.79423E — 10
0.4 0.3580379  0.3580379 3.440639E — 10
0.5 04121803 0.4121803 4.441469E — 10

0.6 0.43730851 0.43730851 7.262869E — 10

0.7 0.4228880  0.4228880 3.019809E — 10
0.8 0.3560865  0.3560865 1.383340F — 10
0.9 0.2213642  0.2213642 2.413599E —11

t)

S(xVu|

X

Figure 2: Comparison of approximate solution and
exact solution for problem 1 with h = 0.1

Problem 2 Seventh order linear boundary value

problem with variable coefficients:

uD(x) =xu(x) +e*(x? —=2x—6),0<x<1 (17)
With the boundary conditions

u =1, u'()=0, u"(0)=-1, u3(0) = -2,
u(l) =0, u'()=—e, u''(1) = —2e (18)

The exact solutionis u(x) = (1 — x)e*
Solution with h = 0.2

Oct — Dec © 2018, IJRA Transactions

The grid points are x,, x;, x;, X3, X4 , X5 where,
X=0,x%x=02,x, =04,x;=06,x, =08,
x5 =1
s7(x) — xs(x;) = e*i(x;® — 2x; — 6),
The spline approximation of u(x) using boundary
condition is
s(x) =1-0.5(x —x9)% — 0.333(x — x0)% + g(x —
x0)* + j(x — x0)° + k(x — x4)® — 0.0011904 (x —
x0)” + t(x — x0)% + v(x — x0)° + w(x — x5)*° +
Z?:o z; (x — x)'
Following the procedure we get the values for

unknown coefficients:

g = —0.1250000007 j = —0.0333333328
k =—-0.0069444412 [ = -0.001190476190

t =—-0.0001736376 v =—0.0000219820
w = —0.000002539 z, = —0.0000002478835

z; = —0.00000009593294

z, = —0.00000009593294 z; =
—0.00000009593294 z, = —0.000000095932

Substituting these values in the spline approximation

we get the solution at grid points.

Table 3 represnts the approximate solution, exact
solution and absolute errors of problem 2 at h = 0.2
and comparison has been shown in Figure 3, the
maximum absolute error is 1.7867 e — 01.

Solution with h = 0.1

Table 4 represents the approximate solution, exact
solution and absolute errors of problem 2 at h = 0.1
and comparison has been shown in Figure 4, the

maximum absolute error is3.157796 e — 011.

Table 3: Numerical solutionS(x), exact solution u(x)

and Absolute error of problem 2 with h = 0.2

Absolute

X S(x) u(x) error

0.2 0.977122206527235 0.97712220652 9E — 13
0.4 0.895094818576629 0.89509481858 8E — 12
0.6 0.728847520138337 0.72884752015 2E — 11

0.8 0.445108185684584 0.44510818569 1E — 11
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Figure 3: Comparison of approximate and exact
solution for problem 2 with h = 0.2

Table 4: Numerical solution s(x), exact solution u(x)

and absolute errors of problem 2 with h = 0.1

X S(x) u(x) Absolute error
0.1 0.994653826 0.994653826 4.1E - 13
0.2 097712220 0.977122206 2.6E — 12
0.3 0.944901165 0.944901165 1.3E - 11
0.4 0.895094818 0.895094818 2.4E —11
0.5 0.824360635 0.824360635 3.2E —-11
0.6 0.728847520 0.728847520 3.1E —-11
0.7 0.604125812 0.604125812 2.2E —11
0.8 0.445108185 0.445108185 1.1E — 11
0.9 0.245960311 0.245960311 6.6E — 14

~ +

Figure 4: Comparison of approximate solution and

4 [

exact solution for problem 2 with h = 0.1
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4. CONCLUSION
We developed the numerical method to obtain the
solution of seventh order boundary value problems
using eleventh degree spline function and applied to
find the approximate solutions of seventh order
boundary value problems by taking two examples.
Computational work has been carried out using
mathematical software. From the problems 1 and 2
with different step lengths we observed that
approximate solutions are more close to the exact
solution. It is also observed that the proposed method
is well suited for the solution of higher order
boundary value problems and reduce the
computational work. Therefore the presented method
is more accurate and reliable technique for higher
boundary value problems. The final conclusion states
that when the degree of spline increases the solution
is more accurate and also when the step length

decreases the solution became more accurate.
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